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The purpose of this paper is to study the existence of a unique bounded 
solution of 
x’(t) =f(t, x(t), 4 -t)), teR, (1) 
where f E C[R x R x R, R]. Such equations have applications in the study 
of stability of differential-difference equations. Equation (1) is a special case 
of differential equations with involutions. We refer the reader to 
[6-8, 1 l-193 for further study of differential equations with involutions, 
and also for results concerning bounded solutions of differential and 
functional differential equations see (l-5,9, lo]. Our results are also 
applicable to the study of bounded solutions of equations of the form 
Y’(S) = h(s, Y(S)? Y(llS)), s > 0, (*I 
a particular case of which is the well-known Silberstein equation [13] 
Y’(S) = Y(llS). 
Indeed, the substitutions s = e’, y(s) = x(r), transform (*) into 
x’(t) = e’h(e’, x(t), x( - t)) 
which is a form of Eq. (1). 
* Partially supported by U.S. Army Research Grant DAAG29-84-G-0034. 
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Let us first consider a special case of Eq. (l), i.e., 
x’(t)+ux(t)+bx(-t)=g(t), h#O, tER. (2) 
LEMMA 1. Zf x(t) is a solution of Eq. (2) on R and y(t) = x(-t), then 
(x(t), y(t)) satisfies the system of ordinary differential equations 
dx/dt= -ax-by+g(t) 
dy/dt = bx + uy - g( - t). 
(S) 
Proof Let x(t) be a solution of (2) on R, and 
x( - t) = y(t). (3) 
Then Eq. (2) becomes 
dx/dt = -ax - by + g(t), 
and differentiating (3) gives 
dy/dt = -x’( - t), 
which, by virtue of (2) and (3), implies 
dy/dt=bx+uy-g(-t). 
LEMMA 2. Suppose that g(t) E C(R) and bounded on R, 1’ = u2 - b2, 
i. > 0. Then the general solution of the system (S) on R, is given by 
IL - a A + a 
x(t) = C, b e” - C, h e -i.r+ X(t) 
y(t)= Cle”‘+ C2eC”‘+ Y(t), (4)’ 
where 
and 
-““((A-a)g(s)+bg(-s))ds 1 
e”‘( (A + a) g(s) - bg( -s)) ds 1 (5) 
(k(s) - (13. +a) g( -s)) ds 
1 
e”“(bg(s)+(A-a)g(-s))ds 
1 
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LEMMA 3. Let g(t) E C(R) and bounded on R, 2’ = a2 - h2, i. > 0. Then 
every solution of Eq. (2) is qf the form (4), provided 
Prooj Condition (6) implies that y(t) = x( - t), where x(t) and y(t) are 
the components of the general solution of the system (S). Then it is easy to 
see that x(t) satisfies (2). 
LEMMA 4. Under the conditions of Lemma 3, Eq. (2) on R has a unique 
bounded solution given by (5), and moreover, 
SUP lx(t)1 <lalflhlsuplg(r),, TV R. A (7) 
Proof Since we are looking for bounded solutions of equation (2), then 
in (4), C, = 0. The uniqueness follows from the fact that if u(t) and v(t) are 
two bounded solutions of (2) on R, then from Eq. (2) 
(u(t)-v(t))‘+a(u(t)-v(t))+b(u(-t)-v(-t))=O, 
and by (5), u(t)--(t)=0 or u(t)=v(t), ZER. 
Remark 1. The estimate (7) is the best possible, as the only bounded 
solution of the equation 
x’(t)+5x(t)-3x(-t)= 1 
is x(t) = +. 
THEOREM 1. Consider the functional differential equation ( 1). Assume 
that f (t, 0,O) is bounded on R and 
(i) (Wx)f(h x, Y) and (Wy)f(t, x, Y) existfor (t, x, Y)ER~, 
(ii) i3fJlJ.x 2 -a and aflay 3 -b, 
(iii) $f/ax+aflay~q.i2/(lal + lb/)-(a+b), O<q< 1, 
where a and b are constants and A2 = a’ - b2, A > 0. Then Eq. (1) has a 
unique bounded solution on R. 
Proqf: Let E = [u E C(R, R): u is bounded], with the norm 
Ilull = sup lu(t)l. 
IER 
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For u E E, define an operator T: E -+ E by Tu = x, where x is a solution of 
x’(r) + ax(t) + bx( - t) = f( r, u(r), u( - r)) + au(r) + bu( - r). (8) 
The right-hand side of Eq. (8) is bounded, because 
f(r,u(r),u(-r))+au(r)+bu(-r) 
=au(r)+bu(-r)+f(r,u(r),u(-r))-f(t,O,u(-r)) 
+f(c 0, U(-r))-f(f, o,o)+f(f, 0, Oh 
and since 
f(c u(t), U(-t))-f(f, 0, u(-r))= j; f*(r, w(r), U(-r))dT.u(r), 
.f(r,o,tc(-r))-f(r,0,o)=j’f3(r,o,TU(-r))dr.u(-r), 
0 
then from the conditions (i)-(iii) and the fact that f(r, 0,O) is bounded, we 
have 
If(4 u(r). U(-r))+au(r)+bu(-r)l y-.&q lu(t)l + If(t, 0, 011. 
This implies that Eq. (8) is a form of Eq. (2) and therefore by Lemma 4, (8) 
has a unique bounded solution on R. For u and UE E, let Tu=x and 
To = y, then from (8) we have 
b(l) - At))’ + 4x(t) - Y(l)) + w -cl - Y( -cl) 
=f(4 4th 4 - ?)I -f(t, 4th 4 - ?I) 
+ a(u(r) - u(r)) + b(u( - r) - u( - t)) (9) 
It is easy to show that the right-hand side of (9) is bounded. Indeed, 
42* RHS of (9)<- 
lal + IN 
SUP l4t) - 4t)l. 
Thus by Lemma 4, 
lb(f) - At)ll d 4 IIU(f) - u(r)ll. 
This shows that T is a contraction map on E. The proof is complete. 
Now we show that any bounded solution of Eq. (1) is almost periodic, if 
Eq. (1) is almost periodic and a monotonicity condition holds true. 
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LEMMA 5 [S]. Let x be a differentiable map from R into R+, such that 
x’(t) < 4x(t)), tER, (10) 
with w continuous from R+ into R, and such that w(x) < 0 for x > M > 0. 
Then any bounded (on R) solution of (10) satisfies 
x(t) d M, t E R. 
Remark 2. A dual lemma can be easily obtained when t is changed into 
- t. 
THEOREM 2. Consider the differential system 
x’(t) =f(t, x(t), x(-t)), tER, (11) 
where f(t, x, y) is almost periodic on t, untformly with respect to x and y in 
any bounded set of R’“. If x(t) is a bounded solution of (1 l), then x(t) is 
almost periodic, provided 
0) (f(t, x, y)-f(t, 2, Y), x-z> >K, lb--II*, 
(ii) If(t,x,y)-f(t,x,z)I~K,Iy-zl, 
where K, and K, > 0, and K, - K, > 0. 
Proof Since x’(t+T)=f(t+T,x(t+T),x(-t-r)), then 
=f(t+z,x(t+T),X(-t-T))-f(t+5,X(t),X(-tt~)) 
+f(t+z,x(t),x(-t-T))-f(t+T,X(t),X(-t)) 
+f(t+?x(t),X(-t))-f(t,x(t), 4-t)). 
Let u(t) = x( t + t) - x(t). Then 
(u’, u> 
=([f(t+r,X(t+T),X(-t-7))-f(t+r,x(t),x(-t-T))],U> 
+(Cf(t+t,X(t),X(-----5))-ff(t+~,X(t),X(-tt))l,U) 
+(Cf(t+t,x(t),X(-t))-f(t,X(t),X(--t))l,U). 
Since (u’, u) =t(d/dt)Ilu112, then using conditions (i) and (ii) we have 
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or 
XSUP Ilf(r+? 4th x(-r))-f(t, 4th .4-f))ll. 
IER 
Then using Remark 2, with 
w(r) = 2(K, -K*) Y2 
-2rsuP llf(r+~, x(r), x(--)I-ff(r, x(f), --+r))ll, 
IER 
we obtain 
II-Q + 4 - x(t)ll 
<j&sup Ilf(r+z,x(r),x(--t))--f(r,x(r),x(-rt))ll, 
1 2 ttR 
which shows that x(r) is almost periodic. The proof is complete. 
Remark 3. The conclusion of Theorem 2 holds true if we change 
inequality (i) to 
(f(4 x, 14 -.fV, Z, y),x-z)< -K,Ilx-zl12, 
and in this case apply Lemma 5. 
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